In this work we present a systematic procedure to quantize the black-hole quasi-normal modes. Using the field theoretic Lagrangian, we map the quasi-normal modes of black holes to the BatemanFeschbach-Tikochinsky oscillator and Caldirola-Kanai Lagrangian. We then discuss the conditions under which the black-hole quasi-normal modes form a complete set of modes. Using the systembath model, similar to the Bateman-Feschbach-Tikochinsky oscillator, we show that the black-hole quasi-normal modes can be quantized and obtain the general form of the generating functional.
I. INTRODUCTION
Resonant modes play a central role in the phenomena of energy flow among coupled systems as they provide characteristic information about the physical system. In the case of gravitating systems, these resonant modes are commonly referred as quasi-normal modes. These are damped perturbations about a fixed background (blackholes or Neutron stars) that propagate to spatial infinity [1] [2] [3] .
To understand the importance of the black-hole quasinormal modes and why they have attracted attention over the last four decades, let us consider a non-spherical collapse of a gravitational object that results in a slightly perturbed black-hole. The black hole will then reach it's quiscent state by radiating away the perturbations in the form of gravitational waves. The radiation form the quasi-normal modes spectrum of the black hole. One can therefore define the quasi-normal modes of a black hole as single-frequency oscillations of the black hole spacetime that satisfy ingoing boundary conditons at the black hole event horizon and outgoing boundary conditions at spatial infinity [4] . The real part (that corresponds to the frequency of the oscillation) and complex part (that corresponds to the damping rate) of the frequencies are independent of the initial perturbations and depend only on the properties of the black holes.
In the above way of describing the dynamics and the modes emanating to infinity, quasi-normal modes are assumed to be purely classical and are not quantized. However, there have been indications that these carry some information about quantum gravity [5] [6] [7] [8] . Firstly, QNM has been shown to be an useful tool in understanding AdS/CFT correspondence. In other words, it has been shown that there is a one-to-one mapping of the damping time scales (evaluated via simple QNM tech- ‡ Communicating author * E-mail: mssp2@iacs.res.in † E-mail: karthikr@iisertvm.ac.in § email: shanki@iisertvm.ac.in niques) of black holes in Anti-de Sitter spacetimes and the thermalization time scales of the corresponding conformal field theory (which are, in general, difficult to compute) [5, 6] . Secondly, using Bohr's correspondence principle "the transition frequencies at high quantum numbers equate the classical oscillation frequencies" it was realised that one could possibly identify the transition frequency between different black-hole mass with the black-hole quasi-normal mode frequencies [7] [8] [9] . This indeed has provided the correct black-hole entropy spectrum like other more rigorous semiclassical quantization approaches [10] .
It is important to note that although the quasi-normal frequencies are derived using quantum mechanical techniques, however, by definition these are purely classical (see, for instance, [2, 3] ). The question which we address in this work is the following: If these modes are indeed quantum mechanical (which do not preserve the total probability at later times) can they yield directly the quasi-normal mode frequencies and whether the asymptotic frequencies match with the classical calculations? Also, can the quantization procedure provide the link between the quasi-normal frequencies and the black-hole entropy spectrum.
To authors knowledge, the quantization of black-hole quasi-normal modes was attempted by Kim [11] . Kim heuristically maps the black-hole quasi-normal modes to a dissipative system, in particular, Feshbach-Tikochinsky oscillator and showed that the two -black-hole quasinormal modes and Feshbach-Tikochinsky oscillatorsystems have the same group structure and, hence, maps the quantum states of Feshbach-Tikochinsky oscillator to that of quasi-normal modes.
However, there are several drawbacks in Kim's approach: Firstly, Feshbach-Tikochinsky oscillator has two modes. One that decays in time and other that gets amplified in time. It is natural to map the decay modes to quasi-normal frequencies, however, as pointed by Kim, it is not clear what is the role of the amplifying modes? Secondly, unlike the normal modes, the quasi-normal modes do not form a complete set of basis vectors in the sense that the system cannot be described as a sum over its QNMs, unless the black hole potential satis-fies certain conditions [12] . Kim's analysis does not look into this fundamental problem. Thirdly, as is wellknown, it is only possible to write down an equivalent Lagrangian that leads to equation of motion for a dissipative Harmonic oscillator [13] [14] [15] [16] [17] . It is imperative to show that several of these explicitly time-dependent, equivalent Hamiltonians (Lagrangians) are related to each other by a canonical (point) transformations.
In this work, we systematically address each of the above points and show that using the Feynman and Vernon's approach one can quantize the quasi-normal modes. In Sec. (II) we address the third point above by showing that the recent approach by Galley [17] can be used to map different equivalent Lagrangians of the damped Harmonic oscillator. More importantly, we use the the field theoretic analogy to obtain the mapping and address the first point. We give a physical interpretation for the doubling of the variables when one includes dissipation to any physical system. In Sec. (III), we discuss the second point above by looking at the conditions necessary for the completeness of these modes. Here we present those conditions.
It is well-known that the equation of motion containing the Regge-Wheeler potential can be mapped to Huen equation whose solutions are yet unknown [18, 19] . In Sec. (IV), we model the Regge-Wheeler potential to Poschl-Teller potential whose solutions are known [20] . In order to illustrate the conditions introduced in Sec.
(III), we consider a rectangular barrier and obtain the quasi-normal modes frequencies for this model potential. Sec. (V) deals with the actual quantization procedure and we derive the quasi-normal frequencies. In Sec. (VI) we discuss our result and present some concluding remarks.
Through out this work we set = 1.
II. EQUIVALENCE OF DIFFERENT APPROACHES: CLASSICAL
Recently, Galley has come up with a new formulation for the nonconservative systems [17] . One of the crucial feature of Galley's approach is the formal doubling of the variables. While this formal doubling of variables has been the feature for understanding dissipative oscillator, however, there is no physical meaning associated to these extra variables. In this section, we show that using the field theoretic concepts it is possible to physical identify the doubling of modes in any dissipative system. In specific, we use Galley's approach to obtain a one-to-one mapping between the Bateman-FeshbachTikochinsky system and Caldirola-Kanai (details can be found in Appendix A).
A free scalar field in a flat spacetime is governed by the Klein-Gordon equation
with m being the mass of the field. Fourier transforming Eq. 2.1, in the scalar variables, we obtain
where
Eq. 2.2 is the equation of motion of a simple harmonic oscillator with the frequency being ω k ≡ √ k 2 + m 2 . The scalar field can therefore be considered as a collection of an infinite number of simple harmonic oscillators with densely spaced frequencies. We now ask the question "What happens to the field if we include damping?", i.e., what would be nature of the field decomposed interms of oscillators instead of satisfying Eq. 2.2:
where γ is a constant. To answer this question we start with a Lagrangian density of the form
T is a ncomponent wavefunction, with scalar fields as components. The γ α , α = 0, 1, 2, . . . , n, are the Dirac matrices in n-dimensions.
For simplicity, let us look at (1 + 1)-dimensions. The Dirac matrices in two dimensions are
Therefore in (1+1)-dimensions, the Euler-Lagrange equation of the Lagrangian density in Eq. 2.3 is
where Φ = (φ 1 , φ 2 ) T or equivalently
Rewriting φ 1 and φ 2 as φ
From Eqs. (2.6) we see that the fields φ + and φ − are not free but coupled to each other. We can now define a Fourier-like transform
Taking the F Ω transform of Eqs. 2.6 we obtain
which can be further simplified tö
where y + = (y 1 + y 2 )/2 and y − = (y 1 − y 2 )/2. Eqs. 2.8 are similar to the equations of motion of the BatemanFeshbach-Tikochinsky system. Therefore the fields φ + and φ − can considered as infinite collection of coupled oscillators -one of which is dissipative and the other is amplified.
In Appendix (A) we have show that Galley's approach can also lead to Caldirola-Kanai system. From the Lagrangian (A5), one notices that the x particle has positive kinetic energy and y to particle with negative kinetic energy. Using the field theory analogy, it is possible to identify x to the particle and y to the anti-particle. In other words, the decaying mode can be interpreted to the particle while the growing mode to the antiparticle. The full understanding of this mapping is still under investigation.
III. QUANTIZATION OF QUASI-NORMAL MODES
Before we go into the quantization, it may be useful to look at the crucial differences between the normal and quasi-normal modes and the issues involved in quantization of the quasi-normal modes: Let us consider a system whose motion is defined by an equation of the Sturm-Liouville type, for example a finite vibrating string, whose motion is given by the wave equation. Since we can write the Sturm-Liouville type equation as a self-adjoint operator and can use the concept of normal modes to describe the dynamics of the system. Each normal mode is an oscillation in which all the components of the system move with the same frequency and the same phase [21] . The normal modes form a complete set and we can write down the most general motion of the system as a superposition of the normal modes [21] . Now suppose we introduce dissipation to this system, for example we couple a semi-infinite string to the finite string via a spring [22] . Such a system can dissipate energy away to infinity via radiation. The dynamics of the system are described by quasi-normal modes. Quasinormal modes, on the other hand, form complete sets only under some special conditions [12] . Therefore a system of quasi-normal modes can be quantized only if those conditions are satisfied. It should be noted that both canonical [23, 24] and path integral [25] quantizations of QNMs of leaky optical cavities have been attempted.
In the rest of this section, we discuss the conditions required for the completeness of the quasi-normal modes and definition of the inner product and normalization of the quasi-normal modes.
A. Completeness of QNMs
We use the Klein-Gordon (KG) equation to describe wave propagation in curved spacẽ
Assuming the time dependency of the form e −iωt , the KG equation reduces to a Schrödinger-like equation
The QNMs are the eigenfunctions f (x, t) of the operator D or equivalently the eigenfunctions f (x) of the operator D, that satisfy the condition
If the potential V (x) is finite everywhere and vanishes sufficiently rapidly as | x |→ ∞ and there are spatial discontinuities in V (x) marking a "cavity"I, then for x ∈ I, {f j } is a complete set and we can express the time evolution of the wavefunction as a sum over the QNMs,
B. Inner product and normalization
Let φ(x, t) and ψ(x, t) be two wavefunctions in the space spanned by {f j (x, t) and let {f j } be complete. Therefore φ(x, t = 0) = j a j f j (x) and ψ(x, t = 0) = j b j f j (x). Defining the two-component wavefunction φ = (φ, ∂ t φ)
T we give the inner product between the two wavefunctions as [26] [27] [28] 
where |a| is a finite value. The inner product gives the normalization relation between the QNMs
where f j = (f j , −iω j f j ) T and the expansion coefficients are given by
IV. MODEL POTENTIALS Taking into account the restrictions set on the potential in Sec. (III), we will use potentials that have support in the interval, I ≡ [−a, a]. In this section we will describe two such potentials and the associated QNMs.
The rectangular barrier is given below as an illustration of the method as it gives exact quasi-normal mode frequencies while the modified Pöschl-Teller potential has all the features of Regge-Wheeler potential [20] .
A. Rectangular barrier
The rectangular barrier potential is given by
For this barrier potential the boundary conditions that should be satisfied by the QNMs are reduced to
The eigenfunctions of D are given by Eq. (4.1)
where k = √ ω 2 − V 0 and P , Q, R and S are constants. Maintaining the continuity of f (x) and ∂ x f (x) we obtain
which is simplified to
. Depending on the sign of V 0 , Eq. (4.3) gives different sets of QNM frequencies [29] . Eq. (4.4) sometimes have solutions for real k if |k| ≤ |ω 0 |. The k = 0 mode is not a true quasi-normal frequency, the other equation gives the physical quasi-normal frequencies
For small ω 0 a there are two quasi-normal frequencies, one of which is given by the perturbative expression
No such representations exist for the other quasi-normal mode. However if ω 0 a ∼ 0.663, then the two quasinormal modes merge and for ω 0 a 0.663 there are no quasi-normal modes.
In this case, if Im(k) ≫ 0 then the quasi-normal frequencies are the j-th solutions of 2k ≈ −iω 0 e −ika . (4.9)
B. Modified Pöschl-Teller potential
The Pöschl-Teller potential is a continuous function over the real line (−∞, ∞). The QNMs of this potential forms a complete set, in the sense that the solutions at late times can be represented by an infinite sum of the QNMs [30] . However the quantization scheme that we will be presenting in the next section requires that spatial discontinuities be present in the potential. We therefore artificially introduce such discontinuities in the potential by making it go to zero for x > a for a large a where the value of the potential is very small [12] . Therefore the modified Pöschl-Teller potential is
where the factors ν and c can be adjusted to approximate actual black hole potentials [20] , subject to the condition (ν 2 +c 2 ) > 0. Here we have considered the quasi-exactly solvable form of the Poschl-Teller potential [31, 32] , a special form of the more general Scarf II potential. The Schrödinger -like equation for the Pöschl-Teller potential is
and
We can approximate the QNM boundary condition as
With these boundary conditions, we rewrite the wavefunction as f = (cosh( √ νx)) g(x) [32] . Introducing the new variable y = sinh( √ νx) Eq. (4.11) becomes
From Eq. 4.12, using the asymptotic iteration method we get the QNM frequencies as [32, 33] 
and the QNMs as
where P (α,β) n (x) are the Jacobi Polynomials.
V. PATH INTEGRAL QUANTIZATION
Classical treatments of non-conservative or open system often use the cavity-bath model to describe such systems. The system of interest forms the cavity and the surroundings forms the bath with infinite degrees of freedom. Energy is exchanged between the cavity and the bath via some interaction. The complete system is described by a Lagrangian of the form where L c (q,q) describes the cavity, L b (Q,Q) the bath and L int (q,q, Q,Q) gives the interaction between the two [34] . The structure of the Lagrangian shows that the quantization would involve both the cavity (q,q) and the bath (Q,Q) degrees of freedom. However we are not interested in the time evolution of the bath. It is therefore desirable to eliminate Q andQ variables and compute the expectation value of any observable in terms of q andq only. Feynman and Vernon showed that the path integral formulation is very effective in this regard [35] . The general idea is to write down the generating functional or the density matrix of the whole system and then integrate out the bath degrees of freedom. This leaves us a reduced density matrix which incorporates the effect of the bath on the cavity and is expressed in terms of the q andq variables only [35, 36] .
As mentioned in Sec. III, QNMs are the exponentially damped eigensolutions of the operatorD and form a complete set for the potentials with discontinuities, like those mentioned in Sec. IV. Moreover the spatial discontinuities in potentials allow us to treat the space around the source of the QNMs as an open system or cavity coupled to a bath, the interval I being the cavity and everything outside I forms the bath; the gravitational waves carry off energy from the cavity to the bath. The QNMs can therefore be used for exact eigenfunction expansions in the cavity which is analogous to the normal mode expansions in Hermitian systems. If we eliminate the bath modes then we can second quantize the open system in terms of the damped QNMs only. In this section we will use the Feynman-Vernon formalism as employed in [25] to quantize QNMs of the model potentials.
A. Integrating out the bath modes
For the time being we consider that the universe is restricted to [−λ, λ]. We will later take λ → ∞. Though the cavity, [−a, a] is an open system, the entire universe is closed and is defined by the Lagrangian
Introducing Euclidean time, τ = it, we rewrite the Lagrangian,
The Euclidean action for the universe is
where β is the inverse temperature. We also consider a source χ that interacts only with the cavity fields via
Therefore the configuration space generating functional of the cavity-bath system is
The real field φ satisfies the boundary conditions φ(−λ − a, 0) = φ(a+λ, 0) = 0 and φ(x, 0) = φ(x, β). We now separate the generating functional into cavity and bath factors, Z −1 Dφ = Z 
Let ξ = x + a for the first integral in Eq. (5.5) and η = x − a for the second. Fourier-expansion of the bath modes in terms of the Matsubara frequencies [25] gives us 
which in the limit λ → ∞ gives
Therefore effective generating functional (or reduced density matrix) of the cavity fields is
(5.8)
B. QNM expansion and path integral quantization
We expand the cavity and the source fields in terms of the QNMs, φ m (x, τ = 0) = m a jm f j and χ −m (x, τ = 0) = m b j,−m f j . We temporarily assume that V (x) = 0, x ∈ [−a, a]. Therefore using the orthogonality condition given by Eq. (3.7) in Eq. (5.8) we obtain
We calculated this path integral by temporarily assuming that V (x) = 0, x ∈ [−a, a]. Now for the actual case of V (x) = 0, x ∈ [−a, a] we can calculate the cavity generating functional from Eq. (5.9) by perturbation techniques [25] . Let a jm → β∂/2ω j ∂b j,−m . Then the generating functional for the cavity is
where we can substitute V (x) = V 0 for the rectangular barrier and
for the modified Pöschl-Teller potential. Therefore Eq. (5.10) gives the generating functional of the cavity in terms of the QNMs of the system only. As we have calculated the QNMs for our model potentials in Sec. IV, we can just replace them in Eq. (5.10) to obtain the final algebraic forms of the generating functional.
VI. CONCLUSION
In this paper we have presented two descriptions of the QNMs -one classical and the other quantum mechanical. In the classical picture we have drawn analogy between the QNMs and the damped simple harmonic oscillator. We have shown that there's a connection between the system of QNMs and the Bateman oscillator and therefore the study of one system may give valuable information about the other. The damped harmonic oscillator is considered to be coupled to an amplified one and the system therefore follows the Bateman equations of motion.
We used the path integral formalism prescribed by Feynman and Vernon to develop our quantum theory. This is because the system-bath model that we used is in spirit similar to Bateman's dual oscillator system and the physics can therefore be intuitively understood. The final form of the generating functional presented in Sec. V can be used to derive interesting physical quantities, such as the free energy, defined as, F ordinates Q + (ω n , t) = Q h (ω n , t)
where G r,n (G a,n ) is the retarded(advanced)Green's function of the n th oscillator and Q h (ω n ) is a solution of the homogeneous equation. Using these solutions we can write the effective Lagrangian for the q-system as L = mq +q− − mω 2 q + q − + K(q ± ,q ± , t)
where K(q ± ,q ± , t) = q − N n=1 λ(ω n )Q h (ω n , t) +
. Let Q h (ω n , t) = 0, M n = M and λ n = λ(ω n ) = λω n . Then in the limit N → ∞ and assuming that the frequencies are dense in R + we get
where α is a constant. Therefore the effective Lagrangian becomes L = mq +q− − mω 2 q + q − − αq + q − .
We define x = (q + − e αt q − )/ √ 2 and y = (q − + e −αt q + )/ √ 2. In terms of these new coordinates the effective Lagrangian becomes
The Lagrangian in Eq. A5 describes a dual-CaldirolaKanai system. Therefore we see that the harmonic oscillator coupled to a bath of infinite number of oscillators (Eq. A1), the Bateman dual system (Eq. A3) and the Caldirola-Kanai system are all intimately connected.
